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The study of the quantum dynamics of charged and neutral particles in the presence of electromagnetic fields 
is responsible for a series of geometrical and topological effects in physics. In 1959 Aharonov and Bohm(AB) pj 
demonstrated that a quantum charge circulating around a magnetic flux tube acquires a quantum topological phase. 
This effect was observed experimentally by Chambers 0, Aharonov and Casher showed that a particle with 
a magnetic moment moving in an electric field accumulates a quantum phase which has been observed in a 
neutron interferometer and in a neutral atomic Ramsey interferometer [jj. He and McKellarQ, and WilkensQ, 
independently, predicted the existence of a quantum phase acquired by an electric dipole, while circulating around, 
and parallel to a line of magnetic monopoles. A simple practical experimental configuration to test this phase, was 
proposed by Wei, Han and Wei^(j . In their work the electric field of a charged wire polarizes a neutral atom and when 
an uniform magnetic field is applied parallel to the wire. In a recent article, a topological phase effect was proposed 
by AnandanQ which describes an unified and fully relativistic treatment of the interaction between a particle with 
permanent electric and magnetic dipole moments and an electromagnetic field. The interaction of an electromagnetic 
field with a charged particle, plays a important role in the generation of colletive phenomena, for instance, fractional 
statistics ^2 an d the quantum Hall effect. The quantum motion of a charged particle in the presence of a constant 
magnetic field is described by Landau theory [Tlj. The Landau quantization in two dimensions makes the energy levels 
coalesce into a discrete spectrum. The Landau levels present a remarkable interest from many points of view. Its is the 
simplest model necessary for the description of the quantum Hall effect 01 . On the other hand, the Landau levels were 
studied for different two-dimensional surfaces [13,13 with the interest in several areas of physics. Paredes et at, using 
the analogy between a rotating Bose-Einstein condensate and a system of interacting electrons in a uniform magnetic 
field, proved the existence of anyonic excitation in this condensates. Recently, Ericsson and Sjoqvist^5|, motivated 
by the results of Paredes et al\lQ, [l7| proposed the first step towards another atomic Hall effect analogy. They used 
the Aharonov-Casher interaction, for a neutral particle with a permanent magnetic dipole, and proposed the analogy 
with the Landau levels quantization, for certain field-dipole configurations, that they have denominated of Landau- 
Aharonov-Casher levels. Result is interesting and suggests the possibility of quantum Hall effect for magnetic dipoles 
in the presence of an electric field. Based on this idea we will analyze in this paper an analog of Landau quantization 
for a neutral particle that possesss a permanent electric dipole. We will use the interaction of He-McKellar-Wilkens 
for an electric dipole in the presence of magnetic field. In the same way as the Landau-Aharonov-Casher levels, the 
particles can interact with the magnetic field via a nonvanishing electric dipole. We use the Hamiltonian found by 
Anandan^5 to describe the electric dipole in the presence of magnetic field. In this letter we adopt the systems of 
unity were h = c = 1. 

Now, we briefly outline the Ericsson and Sjoqvist theory to describe the Landau- Aharonov- Casher (LAC) effect. 
This theory exhibits a similar Landau quantization for a neutral particle with a magnetic dipole moving in an electric 
field. This quantization is demonstrated if precise conditions in field-dipole configuration are obeyed. We use the 
Schrodinger equation approach to describe this theory. Our objective is to find explicitly the eingenfunctions and 
the degeneracy of energy levels. The choice of this approach to solve this problem is the fact that we obtain explicit 
wavefunctions of the LAC levels. We adopt the following cylindrical electric field configuration 



E=fre r , (1) 

where p e is a nonvanishing uniform charge density. The Hamiltonian that describes a neutral particle that possesses 
a nonvanishing magnetic moment fi, in the presence of the electric field described by in the nonrelativistic limit, 
is given by@ 

H = — (p- an x E) 2 + — V E . (2) 

2M VP p ' 2M V ' 

where /i is the intensity of the moment of magnetic dipole of the particle and n its direction. The Hamiltonian @ 
presents an analogy to the minimal coupling for a charged particle in the presence of the magnetic field. We can 
define then the potential vector of Aharonov - Casher as being 

A AC = n x E (3) 

using the electric field given by we obtain the following Aharonov-Casher potential 

A^c = yre^ , (4) 

Using the definition 10} Ericsson and Sjoqvist defined the "magnetic" field associated with this vector potential. 
Choosing the dipole aligned parallel with the direction z, n = e z , we have the following Aharonov-Casher magnetic 
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Note that this configuration of Aharonov-Casher magnetic field is uniform. This configuration with the dipole config- 
uration and movement of dipole restricted to the plane satisfies the conditions demonstred by Ericsson and Sjoqvist 
to obtain the analogous of Landau Levels, that are: T5ac uniform , absence of torque on the dipole and electrostatic 
conditions <9iE = and V x E = 0. All these conditions are satisfied by the configuration presented here that are 
similar to configurations presented in ref. |l5j |. 

In this way we write the Schrodinger equation for this system, in cylindrical coordinates, in the following form 
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with the cyclotron frequency given by 



uj = auJAc 
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where a — ±. We use the following Ansatz to the solution of Scrhrodinger equation 
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where £ is an interger number. Using Eq. JSJ, Eq. © assumes the following form: 
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Now, We use the following change of variables 
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In this way, Eq. © is transformed into 
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where we define 
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)R = 0, 



Studying the assymptotic limit of the solutions to Eq. (|llf) we can write the solution in the form 

We obtain a hypergeometric equation that is satisfied by the function given by 

1*1 + 1' 



Then, the energy is given by 
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where v = 0, ±1, ±2 . . . The radial energy eingenfuctions is given by 
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where 
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In a analogous way to the Landau levels, the energy levels are infinitely degenerated due to magnetic translational 
symmetry. Here, the energy levels are infitely degenerated also. Ericsson and Sjoqvist observed that the energy levels 
are a dependent. In this way, the levels depend on the revolution axis direction. The cingenvalues are independent 
of the orbit center, but are dependent of the revolution direction. 

Now, we concentrate in the analysis of a Landau levels analogue for the quantum dynamics of an electric dipole 
in the presence of an external magnetic field. The central idea of this letter is similar to the approach developed by 
Ericsson and Sjoqvist to the Landau- Aharonov-Casher levels, presented previously in this letter, using a Schrodinger 
equation aproach. We use the He-McKellar-Wilkens interaction of the electric dipole to describe a new analogue of 
Landau levels for the electric dipole. We consider a neutral particle that has a non null electric dipole moment d. This 
particle is in moving in the presence of an external magnetic field B. In our study of this problem we demonstrate that 
in specific field-dipole configurations we have a quantization similar to Landau levels. We consider a radial magnetic 
field in the following form 



= re r 

2 



(17) 



where p m is magnetic charge density. We can see clearly that this confguration is generated by a distribution of 
magnetic charge. The arrangement of field configurations with the magnetic field radially cylindrical is more difficult 
to achieve experimentally, due to the fact that, a priori, we need a distribution of magnetic charges. We can observe 
in the literature that this kind of arrangement would be possible. Some authors have claimed that this configuration 
can be obtained experimentally as in the arrangements presented in the articles pjl I20L l2l) . We choose the electric 
dipole to be aligned in the z-direction. The nonrelativistic Hamiltonian that describes the quantum dynamics of the 
electric dipole, in the presence of the external field, is given by 18] 



H 



2M VH ' 2M 



(18) 



where d is magnitude of electric dipole and n is its direction. Now we define the vector potential of He-Mckellar- 
Wilkens, Ahmw = n x B. Using the field configuration adopted in Eq. i|17fl we obtain the expression 
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(19) 



In this way, we obtain a "magnetic" field B#mw = V x (n x B) associated to the He-McKellar-Wilkens potential 
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(20) 



Note that d plays the role of a coupling constant [2^. Here the same condition found by Ericsson and Sioavistflq] is 
obeyed for the existence of an analogue of Landau levels. The null torque condition is guaranteed since the speed of 
the particle is null in the direction e z . Using Ea. H20JI we have that Hhmw is homogeneous. It obeys the necessary 
conditions for the existence of a analogue of Landau Levels. The Schrodinger equation is therefore 



— (p + dK HMW ) 2 i) - • Bi • = £r 
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(21) 



Making use of Eqs. (TJJ, i|19|) an d (|20fl into Eq. iJHJ, in cylindrical coordinates, we have 
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where we define the cyclotron frequency with 

Lo = (tlohmw = — — , I^jJ 

where er = ±. This equation is solved using the following Ansatz 

ij) = Ce m R{r) . (24) 

where I is an interger number and C is a normalization constant. Substitut this wave function (|24|) into the Schrodinger 
equation IL'l'l) we obtain the radial equation 

J- (r" + -R' - ^R 
2M \ r r 2 

C MtJ HMW r 2 uiuJHMW | CT^HMW \ R _ Q ^ 



£R" +R'+[~+/3-^-]R = 0, (26) 



Now, by using the change of variable £ = 7,2 > Eq. <|25|) is transformed into 

£ e 2 

where 

(27) 

Assuming, for the radial eigcnfuction, the form 

R(0 = e-«/ 2 ^ l/2 C(£) ., (28) 
which satisfies the usual asymptotic requirements and the finiteness at the origin for the bound state, we have 

+ [(Kl + 1) - €] ^| - TC = (29) 

where 7 = (3 — ^U" 1 . We find that the solution of equation (|29|l is the degenerated hypergeometric function 

C(£)=^[-7,|^| + U] • (30) 
In order to have normalization of the wavefunction, the series in l|30|l must be a polynomial of degree u, therefore 

With this condition, we obtain discrete values for the energy, given by 

( \l\ ol a \\ 

E u,t = J/ +^r + ^--o + o URMW ■ (31) 



The radial eigenfuction is then given by 
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(32) 



where a = (Mujhmw)^ 1 ^ 2 ■ Note that the energy levels are infinitely degenerated similarly to the Landau levels. 
We observed a dependence of levels on the revolution direction, a dependence on set of degenerate state define the 
LHMW problem, in analog way as the LAC levels but with a difference that of the revolution direction are opposed. 
Now we use ladder operator techiniques to demonstrate the relation betwen the wave equation formalism adopted by 
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us and the ladder operator adopted in ^5|. We consider the Hamiltonian given by l|18l) and the expression (|19fl in 
Euclidean coordinate. The expression for the "vector" potential l|19fl is similar to the symmetrical gauge of Landau 
levels, Ahmw — ^f-(—yx + xy) ,and we choose the following operators to describe the problem 



1 



2M\WHMW\ 



(TU. + i&Oy) (33) 



= ; r(II x — ioTL), 

2M\uhmwV 

where II = (—V + dn x B) and with the commutation relation [a, a'] = 1. Using i.Y.'A) and the Hamiltonian (|18|) we 
obtain 

H=[tf&+±(l-<T)]u H Mw. (34) 
In this way, we obtain the following energy eigenvalues 



E n ,a,i = [n+ -(1 - o)]u)hmw- (35) 
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Note that the expression (|35|l can be related to the expression (|31|l by the indentification 

In this letter we study the energy eingefunctions and the eigenvalues of a neutral particle with a permanent electric 
dipole moment in the presence an external magnetic field. We demonstrated that the HMW interaction is responsible 
for the quantization of e nerg y of the particle in a similar way of the AC interactions in the LAC levels investigated 
by Ericsson and Sj6qvist[15|- We have used the Hamiltonian found by Anandan to describe this system and solved 
the related Schrodinger equation. It is interesting to observe that, in the same way of the LAC levels, the LHMC 
levels are also dependent on the revolution direction but have an opposite direction. This result can be explained 
if we consider the duality between these two problems. The equations of motion for LHMW has the same form as 
the equation for LAC. Indeed, changing —d by /i and B by E we obtain the equation of motion for the latter. The 
physical quantities, in the effect, we had consider in our work and the LAC levels, studied in |15|| . are related by a 
dual rotation. In this sense the LHMW levels are the dual of the LAC levels. We emphasize that when we perform the 
duality transformation the dipole revolution direction is also modified. With advances in cold atom |23ll24j technology 
it is possible to simulate this effect studied in this letter. The cold Rydberg atoms have been explored as systems 
for a possible test of the LHMW levels in more realistic magnetic field configurations. We call attention that more 
realistic configurations of magnetic field can generate similar effects, as for example the Wei and Han^(j field-dipole 
configurations, which can be used to study a possibility of analog Landau quantization due to an induced electric 
dipole in cold atom systems. This subject will be presented in a future publication. 
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